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Abstract 

Let V 6 C 2 (]R rf ) such that fiy(dx) := o~ v \ x > dx is a probability measure, and let 
a 6 (0,2). Explicit criteria are presented for the ce-stable-like Dirichlet form 

jR d xm d \ x — y\ 

to satisfy Poincare- type (i.e., Poincare, weak Poincare and super Poincare) inequali- 
ties. As applications, sharp functional inequalities are derived for the Dirichlet form 
with V having some typical growths. Finally, the main result of |13] on the Poincare 
inequality is strengthened. 
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1 Introduction 

Functional inequalities are powerful and efficient tools to analyze Markov semigroups and 
their generators, see e.g. [25] for a general theory of functional inequalities and appli- 
cations. In particular, the Nash/Sobolev inequalities are corresponding to uniform heat 
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JA12053). 



1 



kernel upper bounds of the semigroup, the log-Sobolev inequality is equivalent to Nelson's 
hypercontractivity ([H]) of the semigroup, the super log-Sobolev inequality (also called 
the log-Sobolev inequality with parameter) is equivalent to the supercontractivity and 
in some cases implies the ultracontractivity of the semigroup, the Poincare inequality is 
equivalent to the exponential convergence of the semigroup, and the weak Poincare in- 
equality characterizes various convergence rates of the semigroup slower than exponential, 
see e.g. [7J HH El [151 122] for details. As a general version of functional inequalities stronger 
than the Poincare one, the super Poincare inequality is equivalent to the uniform integra- 
bility of the semigroup, and also the absence of the essential spectrum of the generator if 
the semigroup has an asymptotic density, see [201 EH El [23] for details. 

To establish functional inequalities, many explicit criteria have been proved for dif- 
fusion processes and Markov chains, but rare is known for Levy type jump processes. 
Of course, using subordination techniques, functional inequalities for a class of jump pro- 
cesses can be deduced from known ones of diffusion processes, see [21 [2U EE ED] for details. 
However, in general it is difficult (and impossible in many cases) to identify a Levy type 
jump process as subordination of a diffusion process. So, it is necessary to provide general 
criteria to verify functional inequalities for Levy type jump processes. We remark that 
using harmonic analysis technique, a sufficient condition for the Poincare inequality to 
hold, see ( 11. 81) below, has been presented in [13]. As pointed out after Corollary 11.51 be- 
low, this condition excludes many typical examples which possess the even stronger super 
Poincare inequality. The purpose of this paper is to find out sharp and easy to check 
sufficient conditions for general functional inequalities of stable-like jump processes. 

To make the paper easy to follow, let us start with a simple example, i.e. the Ornstein- 
Uhlenbeck process driven by the a-stable process. Let A be the Laplacian on M. d . Consider 
the Ornstein-Uhlenbeck operator 

L a f(x) := -(-Ar/ 2 f(x) - (x,Vf(x)), f G C™(R d ) 

for a G (0, 2). Then the associated Markov semigroup has a unique invariant (but not re- 
versible, see [1]) probability measure which is identified by the Fourier transformation 



M0:= / e^/i«(dx)=e-^' Q , £ g 
Jm d 



For any / G C™(M. d ), the set of all smooth functions on M. d with compact support, we 
have (see [121 Proposition 4.1] or [161 (1-9)]) 

(1.1) /):=-/ fL a fdfjj a = \f \M^JM? d Wa (dx). 

JR d * JR d xR d F — V\ 

Let @{£ a ) = {/ G L 2 {fi a ) : <£»(/,/) < oo}. According to [161 Example 3.2(2)], the 
semigroup P° generated by L a is not hyperbounded, i.e. ||-P"||lp(/^)^L9( Mq ) = oo for any 
t > and q > p > 1. Therefore, the log-Sobolev inequality of S a does not hold. In fact, 
since 

1 c 
(I- 2 ) —r-i i ioTUZ w>> dx < Ha(dx) < — 1 low., wo da: 

v ' c(i + |x| 2 )( d+Q )/ 2 (i + \x\ 2 Y d+a y 2 
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holds for some constant c > 1, see e.g. [3j Theorem 2.1] or [5, (1.5)], Corollary 11.2( 2) 
below provides a stronger statement, i.e. the super Poincare inequality is not available 
neither. Recall that the log-Sobolev inequality 

Mflog/ 2 ) < C£ a {f,f), f G @(£ a ),fi a (f 2 ) = 1 
holds for some constant C > if and only if the super Poincare inequality 

HM 2 ) < r£«(f, f) + exp (c(l + r- 1 ))/i a (|/|) 2 , r > 0, / G 

holds for some constant c > 0. On the other hand, Corollary 11.2( 1) implies that the 
Poincare inequality 

» a {f 2 )<C£ a {f,f), fe®{£ a ),ii a (f) = 

holds for some constant C > 0, which has been open for a long time. Therefore, for this 
typical example, the best possibility among functional inequalities mentioned above is the 
Poincare inequality. 

Now, clS cL generalization of (11.11) . we consider 

tfaAL 9)-= r: %^(dx), 



^Kv) := {/ G L 2 (/i y ) : S a y{fJ) < oo}, 



where V is a measurable function on M. d such that 

M da; ) := T e~ y(x) dx 

is a probability measure. Then (<^ Qi y, ^(<^ a v)) is a symmetric Dirichlet form on L 2 {ji 
Let P"' be the associated Markov semigroup. Let 



h(r) = inf e v{x \ H{r) = supe v(a;) , 

\ x \ — r 

e V(x) 

$(r) = inf — , $ 1 (r) = inf js > : $(s) > r), r > 0, 

W |a|>r (1 + \x\) d+a 1 ~ 

where we set inf = oo by convention. Moreover, let 

-r / n f (l + \x\) d+a \ e v ^ 
*i(r) = sup sup 



71 en.) ;S(i + N) d+Q ' 

tf 2 (r) = * ... sup / |y - x\ d+a e- 2V{y) dy, r > 0. 



/ly(P(0,r)) 2 xe-B(0,r) ^B(0,r) 

The main result of the paper is the following 
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Theorem 1.1. Let J Rd e v ^dx < oo such that Liy is a well defined probability measure. 

(1) Ife~ v G C 2 (M. d ) such that 

(1.3) limsup{r d+a - 1 sup \Ve~ v (x)\ + r d+a ~ 2 sup e - y(x) ) = 

r— >oo |x|>) — 1 |x|>r— 1 - 1 

and $(0) > 0, t/ien £/ie Poincare inequality 

(1.4) Lly(f 2 )<C^y(f,f), /ef(^),M/)=0 

ZioZds /or some constant C > 0. 

(2) 7/e _v/ G C b 2 (IR d ) suc/i i/iaf f|l~3|) ZioZds and $(r) | oo as r | oo, t/ien inere exist 
constants c 1; c 2 > swcn t/iat the super Poincare inequality 

(1.5) Liy(f) < r£ a y{f, f) + P(r)Lly(\f\) 2 , T > 0, / G 0(<&, v ) 

/io/ds /or 

/3(r) = Cl (l +r- d / a {ho^-\ C2 r- 1 )y 1 ~ d/a {Ho<!>- 1 ( C2 r~ 1 )} 2+d/a y r > 0. 

(3) There exists a universal constant c > such that the weak Poincare inequality 
(1-6) M/ 2 ) < Hr)£ a ,v(f, f) +r\\f\\L r>0Je ®{<? a ,v), Liy(f) = 
holds for 

P(r):=wi{(cVx(R))AMR)-- M#(0, i?) c ) < < oo, r > 0. 

Although we assume in Theorem II. l( l)-(2) that e~ v is at least C 2 -smooth, the asser- 
tions work also for singular case by using perturbation results of functional inequalities. 
To illustrate this result, below we consider some typical families of V with different type 
growths: for faster growth of V one derives stronger functional inequality. When we apply 
Theorem 11.1( 3) to derive weak Poincare inequalities for these families of V, the function 

in the definition of /3 is better than ty 2 . On the other hand, however, ty 2 is always finite 
but in some cases \Px is infinite. So, in general these two functions are not comparable. 

According to (II. 2ft . in the following result iiy is a natural extension to Li a , i.e. when 
e = a a Poincare type inequality for S a y and \iy is equivalent to that for S a and \x a . In 
particular, as mentioned above, this result implies that S a satisfies the Poincare inequality 
but not the super Poincare inequality. 

Corollary 1.2. Let V(x) = \(d + e) log(l + |x| 2 ), e > 0. 

(1) The Poincare inequality (11.41) holds for some constant C > if and only if e > a. 
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(2) The super Poincare inequality (jl.5p holds for some function (3 : (0, oo) — > (0, oo) 
if and only if e > a, and in this case there exists a constant c > such that the 
inequality holds with 



d {d+E)(2a + d) 

/3(r)=c[l + r a 1 r>0 



and equivalently, 

\\P t a ' V \\L^ v )^L^ v ) <X[1 + t" ), r > 

holds for some constant A > 0. 

(3) If e G (0, a), then there exists a constant c > such that the weak Poincare inequality 
( OP fcoMs for 



P{ r ) = c{l + r- {a - £)/e ^ 



r > 0. 



Consequently, there exists a constant A > such that 

A 



\ p t ' - ^v|Il°°( w H£ 2 (M < ,, a _ e) , * > 0. 



T/iis /3 ?s sharp in the sense that (11.61) does not hold iflim r ^ r^ a e >' E f3(r) = 0. 

Since e = a in Corollary 11.21 is the critical situation for the Poincare inequality, we 
consider below lower order perturbations of the corresponding V. 

Corollary 1.3. Let V(x) = \{d + a) log(l + |x| 2 ) + e loglog(e + |x| 2 ), eel. 

(1) The super Poincare inequality (11.51) holds for some (3 if and only if e > 0, and in 
this case it holds with 



c( 1 + r 



f}(r) = exp 

for some constant c > 0, so that when e > 1, 



-1/6 



t > 



\\P t ay \\ L i M ^ M < exp [a(i + r 1 ^- 1 )) 

ZioWs for some constant A > 0. 
(2) The super Poincare inequality in (1) is sharp in the sense that ( 11. 5ft does noi hold if 

lim r 1 ' e log /3(r) = 0. 



(3) The log-Sobolev inequality 

(1.7) M/ 2 log/ 2 )<C^, y (/,/), /e^K,y),/iy(/ 2 ) = l 

Zio/cZs /or some constant C > if and only if e > 1. 



(4) The Poincare inequality (11.41) holds for some constant C > if and only if e > 0, 
and there exists a universal constant c > such that for e < the weak Poincare 
inequality (j 1 .61) holds with 



(3( r ) = c(l + log^ £ (1 + r~ 1 )J, r > 0. 
Consequently, for e < there exist constants Ai, A2 > such that 



Pt' V - /A/IU-OvH^Ov) ^ ex P 



Al _ A 2 t 1 /( 1 - £ ) 



t > 0. 



This (3 is sharp in the sense that for e < the weak Poincare inequality (11.61) does 
not hold «/lim r _>o /3(r) log e (l + r~ 1 ) = 0. 

Below we consider a family of V with slower growth such that fiy is a probability 
measure, for which merely the weak Poincare inequality is available. 



Corollary 1.4. Let V(x) = \ log(l 



\x\ 



eloglog(e+ |x| 2 ), e > 1. T/ien t/iere exisi 



some constants ci,C2 > suc/i t/iat i/ie wea/c Poincare inequality (11.61) ZioWs w^/i 



/3(r) 



ci exp 



c 2 r 



-l/(e-l) 



Consequently, there exists some constant A > suc/i t/iat 



^v|U°°(M V )-kL 2 (Mv) ^ ^ lo §( 1 +*) 



l-e 



t > 0. 



This (3 is sharp in the sense that the weak Poincare inequality 1 11. 6ft <ioes not hold if 
lim r ^o r- 1/(e " 1} log/3(r) = 0. 

Finally, we consider two families of V with stronger growths than all those presented 
above, so that the rather stronger super Poincare inequality is available. 

Corollary 1.5. (1) Let V(x) = log 1+e (l + \x\ 2 ), e > 0. Then there exists a constant c > 
such that (11. 5p holds for 



c + cr 



-2(a+d)/a 



exp [c log 1/(1+e) (1 + r" 1 )] , r > 0. 



Consequently, there exists a constant A > such that 



a,V\ 



\\Pl 
(2) Let V(x) 



< A + Ar 2(a+ci)/a exp [A log 1/(1+e) (1 + r 1 )] , t > 0. 



2\e 



e > 0. Then there exists a constant c > such that the 



super Poincare inequality ( II. 5p ZioMs /or 

/3(r) = c(l + r -2( a +rf)/« log (2^)(d +a )/( 2ra ) (1 + r -!)\ r > 0; 

cm<i consequently, 



•>a,V\ 



\Li-{ IJ . v )^L°°( l L V ) 



< \ (l + t- 2(a+d)/a \og 



(2a+d){d+a)/(2ea) , 



t > 



/10/ds /or some constant A > 0. 
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We remark that the following sufficient condition for S a y to satisfy the Poincare 
inequality has been presented in [13]: V G C 2 (R d ) such that 



(1.8) lim {<5|W| 2 - AV} = oo for some constant 5 e (0, 1/2). 

\x\— ¥oo 

Obviously, this condition does not hold for V in Corollaries II . 2ITTT57 1 ) . In the situation of 
Corollary 11.5( 2). (II. 8ft holds if and only if e > |. In this case, using the argument of 
we are able to confirm the super Poincare inequality for (see Theorem 15. II below) 



(3{r) = exp 



c( 1 + r 



-2e/(a(2e-l)) 



r > 



for some constant c > 0, which is however much worse than the one given in Corollary 

H3[2). 

The proof of Theorem 11.11 is based on Lyapunov type conditions considered in [I]. 
To verify these conditions, we first characterize in Section 2 the infinitesimal generator 
of (<o a ,v, @($a,v)), then present complete proofs of the above results in Section 3 and 
Section 4. Finally, in Section 5 we present a result on the super Poincare inequality using 
a weaker version of condition (11. 8p by allowing 5 to approach 1, such that the main result 
in [13] on the Poincare inequality is strengthened. 



2 The infinitesimal generator of S a y 

We first introduce some facts concerning the Dirichlet form and generator of the a-stable 
process. Let 

^ Q = {/ e C 2 (R d ) : ||V/||oo < oo, \f\ < C(l + | • | r ) holds for some C > 0,r G (0,a)}. 
For any / G there exist constants C > and r G (0, a) such that 

\f( x + z)-f(x)-(Vf,z)l w < 1} \^ 
^ sup B(a: ,i) ||V 2 /IL 

^ \~\d+a-2 1 {I^I<1> + Mkl>l}- 



Then for fe<g a , 

(2.1) -(-Ar/ 2 /:=C Q / (f(- + z)-J 

is a well-defined locally bounded measurable function, where C a > is a constant such 
that (see [HI Example 32.7]), 



C(l + 


.r 


r + 


2 


r + 1) 


<V/,«>l {W <i } ) 


d2 


2 





(2.2) A / (/(-A)^)(x)dx = 4 (0) (/,^), /,^GCS 



where 



Next, for / G Cq and g G ^q,, there exist constants C, R > and r G (0, a) such 
that 

\}{x)-j{y)\-\g{x)-g{y)\ 

< C\x - y\ 2 l{\ x - v \<R} + C(\x\ r + \y\ r + l)l(supp/xsup P /) C (a;,y)l{|x-y|>R}, 

so that $a\f,g) G R is well-defined. 

Moreover, since for any function j G there exist {g n }n>i C C*Q(lR d ) such that 
II VgViHoo < Cj Ifl'nl < C(l + | ■ \ r ) holds for some constants C > and r G (0, a), and that 
g n (7, Vg n —> Vg and V 2 g n —> V 2 g uniformly on compact sets, ( 12. 2 p implies that 

(2.3) i- / (/(-A)^)(x)dx = ^ )(/,^), /6C 2 (n 3 6t 

Finally, if e~ v G C^R^) and # G <?f a) then 

|,(x) - g(y)\ ■ |e"^) - e"™| < C\x - y\%\ x - y \< 1} + g^±J^j^M i { 



holds for some constant C > and r G (0,a). Therefore, in conclusion, if e v G Cf(K d ) 
and g,ge~ v G then 

W« :=J-(9e"(-A)«/ 2 e-" - e"(-A)«/ 2 (e- l ' !? ) 



-y\ c 



- e / 1 — -TdT a d y 



gives rise to a locally bounded measurable function. 

Proposition 2.1. Assume that e~ v G C 2 (IR d ). For any f G Co(R d ) and g G ^ Q suc/i 
£/iai e~ y 5( G 

&a,v(f,9) = ~ fL a ygdfj. v . 



Proof. Since /e y , /^e y G C^(R d ) and e" y ^,e- y G tf a , it follows from (Q that 

fL a>v gdf, v =A | /e y (-A) a / 2 (e-^)d/iv, - A | /^(-A^V^ d/i 
/• /(x)(^(x)-^))(e-^)-e- y fa)) d d ^ 



S 



f( x )( g (x)-g(y))(e-v(*)-e-ny)) 



dy dx 



\x - y\ 



\x - y\ d+a 

^— x { {e- v ^g(x) - e- v ^g(y)) (/(*) - f(y)) 



~V(x) _ -V(y) 



((fg)(x)-(fg)(y))(t 

f( X )(g( X )-g(y))(e- V M-e- V M 



) 



) I dy dx 



(f(x) - f(y))(g(x) - gjy)) , V(X ) , 



\x - y\ c 



£ a ,v(f,g)- 



□ 



According to Proposition 12.11 ($ a y-, C^°(R )) is closable and it is easy to see that its 
closure coincides with (S' a y,^(S' a y)). Moreover, combining (12. ip with ( |2.4j) . we obtain 
the following result with explicit expression of L a y. 

Proposition 2.2. Assume that e~ v £ C%(R d ). For any f £ ^ Q such that fe~ v £ 



L a yf{x) 



+ 



/ ( x + ^)_ /(x )_(V/(x)^)l {N < 1} ) 
(Vf(x),z)(e v ^- y ^ - l) 



1 + e V(x)-V(x+z) 



dz 



dz 



\d+a ' 



f {kl<i} 

Proof. By (12.1 p we have 

LayJix) :=A( / ( a; )e l/ W(-A) a / 2 e- v/ (x) -e^(-A)«/ 2 (e- y /)(x)) 

e v(x)-y(x+ 2 ) 



C a 
--2 



f( x + z )-f( x )-(Vf(x),z)l { \ z[ < 1} ) 
(Vf(x),z)(e v ^- y ^-l) 



\d+a 



dz 



dz 



{M<i} 



\d+a ' 



On the other hand 
L 



-V{x) 



f(T ) ._ p v(x) f (f(x)-f(vW rw - 
ay > 2f{x) - e I l^yW 



dy 



m - f(x] 



-V(y)+V(x) _ 1 



\y-x 



d+a 



dy 



lim 

£->0 



|z|>£ 



f(x + z)-f(x)-{Vf{x),z)l { \ t \< 1} y- 



-V{x+z)+V(x) _ i 



dz 



e -V(x+z)+V(x) _ i 

+ I (V/(x),z>l {W < 1} -r^- a dz 

\z\>e M 



—V(x+z)+V(x) i 

f{x + z ) _ _ ( V /(x), z>l {W <i } ) dz 

+ / (V/(x), 2 )(e-^)+^) - l)^d^. 
J{| z |<i} v ' \A 

Combining both equalities above with (I2.4p . we prove the desired assertion. □ 

Finally, the following result confirms the Lyapunov condition used in [I] for the study 
of super Poincare inequalities. 

Proposition 2.3. Assume e" v E C 2 (M. d ) and that (jl.3p holds. Let a E (0, 1 A a) and let 

<p E C°°(]R ) such that 4>(x) = 1 + for \x\ > 1. Then e~ v , 0, 0e _y G // moreover 
$(0) > 0, £/ien t/iere exist constants r ,Ci,C2 > smc/i t/iat 

L a , v <p{x) < -CMlxMx) + C 2 1 {\x\<r }j X E K . 

Proof. By (11.31) and the choice of 0, it is easy to see that cj),e~ v (j) E Since L a y(j) is 
locally bounded, we only need to verify the conclusion for \x\ large enough. 

Using the facts that 2(x, z) = \x + z\ 2 — \x\ 2 — \z\ 2 for all x, z E M. d , and b a ° — a a ° < 
aoa a °~ 1 (^ — a ) for any a, b > 0, we get that for \x\ large enough, 

U{x + z)- (j)(x) - (V0(x), z)) - d 
'{|*|<i} v J \> 



d+a 

(x,z)\ dz 



^aokr " 1 / (\x + z\-\x\-^-) 
J{\z\<i} ^ pi ' 



\d+a 



/ (2\x + z\ ■ \x\ -2\x\ 2 - \x + z\ 2 + \x\ 2 + \z\ 

J\\z\<l\ ^ 



2 ^{|z|<i} 

^ >^{|2|<l} 

1 . .ao-2 r dz 



d+a 



< -an x, 

— 9 L , , r d+a-2 

^ -/{|*I<1} \ Z \ 

< 1. 

Let Ci = sup^^ 0(2;). Then 0(x) < Ci + 1 + holds for all x E M d . Combining this 
with 4>(x) = 1 + for |x| > 1, and the triangle inequality (a + b) a ° < a a ° + b a ° for a, 
b > 0, we obtain that for \x\ large enough 



{M>i} 



(x + z)-0(x))^^dz 



I r4^dz 



{M>i} 



< / (ci + |2 

4W>i} 



"0 



dz 



\d+a 
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=: C2 < oo. 
Therefore, for |x| large enough, 



(2.5) 



4>(X + Z) - 4>(x) - V0(x) • 2l{| 2 |< 1} j 



dz 



< 1 + c 2 . 



Next, since \x + z\ a ° — \x\ a ° < \z\ a °, and for large enough 

k\^\<\-\} (\ x + z \ ao ~ \ x \ ao ) < 1 {i*+*i<i} (k + A ao - \x 



sup e 



-V(z) < 



w > w $(0)(l + |x|) d +- 

there exists a constant c 3 > such that for |x| large enough, 

e V(x)-V(x+z) 



/ (0(x + ^) - 
JUz\>n v 7 



'{|*|>i} 



d+a 



dz 



{M>1} 



ci + |x + z| a ° - bl Q0 



< 



{|z|>l,|x+z|<|:r|} 
+ 



ci + |x + z| Q ° - b |ao 



-V(a;+a) 

-m — dz 

^ d+a 
p f(s)-V(aH-.«) 



Z 



d+a 



dz 



Cl + \Z\ 



< 



{|«|>l,|x+»|>|!r|} 

Ci + \x + z| 



^(aO-FOr+z) 



|d+a 



dz 



{|z|>l,|x+z|<l} 



^(xJ-VCaH-z) 



{|z|>l,|x+z|>|x|} 



Cl + 



I ~ I ao 



\Z 

J/{x)-V{x+z) 



d+a 



dz 



\d+a 



dz 



<e v ^( inf e~ v ^) [ ( Cl + l-|x| 

V \ z \<1 J Juz\>l,\x+z\<l\ ^ 



+ e 



V(x) 



sup e 

|z|>|x| 



f {|z|>l,|x+z|<l} 
-V(z) 



dz 



Cl 



dz 



< 



Q V ( X )\x\ a ° 



inf e~ v ^ 
kl<i 



{|z|>l,|x+z|>|x|} F 
dz 



d+a 



+ 



|d+a 



{|z|>l,|x+z|>|x|} 



dz 



I d+a— qq 



3 T/(x) 



+ 



< -c 3 - 



(1 + |x|) d+a $(0) 



Cl 



{|z|>l,|x+z|<l} F 
dz 



d+a 



{N>i} l z 



d+a 



+ 



dz 



{|*I>1} 



l^ld+a-ao 



(l + |x|) d+c 

On the other hand, using again the facts that 2(x,z) — \x + z\ 2 — \x\ 2 — \z\ 2 for all x, 
z G M d , and b ao — a a ° < aoa ao ~~ 1 (b — a) for any a, b > 0, we see that for |x| large enough, 



{M<i} 



[x + z) -<f>(x) - (V(f)(x),z)^ 



,V(x)-V(x+z) 



I d+a 



dz 
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1 

= — CCo \x 



{I*I<1} 



X + z — \x\ 



(x, z)\ e v(x)-v(x+z) 



\x\ 



\z 



d+a 



dz 



a -2 



{|*I<1} 



^V(x)-V(x+z) 



\d+a 



dz 



< -«o ( sup e 

\z\<l 



V(x+z) \ i |a -2 o V(x) 



{|*l<i} 



| 2 |rf+o-2 



{|z|<l} F 



ci+a-2 



sup e 

|»|>|x|-l 



-V(z) \ \ x \d+a-2 











X 


d+a 



c 3 c 



V(x) 



~ 2 (1 + \x\) d+al 1 ' 
also thanks to (II. 3ft . Therefore, 

(2.6) I (j>(x + z)- <j>(x) - (V0Or), z)l {W <i } ) 



,V{x)-V(x+z) 



\d+a 



dz < 



c 3 e 



V(x) 



3(1 + \x\) d + a 



(p(x) 



holds for large enough 

Finally, according to (11.31) . we find that for \x\ large enough 

dz 



[ (V<f>(x),z)(e v M- v ^-l)-± 

^{|z|<l} 



{kl<i} 



(V0(x),z)(e- y{x+z) -e~ v{x) 



dz 



\d+a 



< a 

< ° 3 



dz 



{|z|<l} 
V{x) 



d+a-2 



e v ( x )\x\ a °~ 1 



( sup \Ve- v (z)\) 

v |*|>|x|-l y 



6 (1 + \x\) d + a 



<f>{x). 



Combining this with (12 .5p and (12. 6p . and using the expression of L a y in Proposition 
we conclude that 



L a y(j){x) < 

holds for large enough \x\. 



c 3 e 



V(x) 



c 3 



(i + N) 



d+a 



X) < -$(|x|)0(x) 



□ 



3 Proof of Theorem 1.1 



In the spirit of jU Theorem 2.10], 



to derive functional inequalities using the Lyapunov 
we need only to verify the corresponding local 



condition confirmed in Proposition I2.3| 
inequality. So, we first present two lemmas concerning the local super Poincare inequality 
and the local Poincare inequality. 
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Lemma 3.1. There exists a constant c > such that for any s, r > and any f G 

C °°(M d ), 



f(x) 2 e- y ^dx <s [ U } V) f }^J dye~ v ^ dx 

B(0,r) J B(0,r)xB(0,r) \V X \ ° 

cH(r) 2+d / a 



+ 



Proof. Note that the Sobolev inequality of dimension 2d /a for fractional Laplacians holds 
uniformly on balls, e.g. see [61 Section 2]. Then, according to [251 Corollary 3.3.4] (see 
also [211 Theorem 4.5]), there exists a constant c\ > such that 



/ f(x)dx<s[ {f \ y) f £ ] J dy dx + 0,(1 + s- d '<*) ( [ \f(x)\dx 

JB(0,r) J B(0,r)xB(0,r) \U x \ \ J B(0,r) / 



^-dydx + Cl (l + s- d/a )( [ 

'B(0,r) J B(0,r)xB(0,r) \V~ • L \ ' " V J B(0,r) 

holds for all / G C^°(lR d ) and all s, r > 0. Therefore, for any r, s > 0, 



f 2 (x)e~ v{x) dx < / f(x) dx 



M r ) I JB(0,r)xB(0,r) \V ~ x\ d+a 



+ C 1 (1 + S^)( [ 
\ J B 



^ 2 

dx 

B(0,r) 



M r ) J B(0,r)xB(0,r) \y ~ x\ d+a 

This implies the desired assertion by replacing s with s/i(r)if(r) _1 . □ 
Lemma 3.2. For any r > and / G C~(M d ), 

(3.1) Mf W < * 2 (rK,v(/, /) + ^B*o$y 

Consequently, the weak Poincare inequality (jl.6p ZioZds /or 

(3.2) P(r) := inf {^(i?) : fi v (B(0, R) c ) < < oc, r > 0. 
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Proof. By the Cauchy-Schwarz inequality, 



1 



B(o,r) V Vv{B{0,r)) J B{0tr) 



B( 



1 



(o,r) \Vv(B(0,r)) y B(0)f .) 



1 r f r p v W 
< Uv(B(Q rW / / (/(*) " /(f)) 2 j^l^ M<k) 

//y(i}(U,r)J J B(0,r) \ J B(0,r) \V ~ X \ 

X I / — ^) — ^( d2/ ) ) M da 



B(0,r) 



„ (M / {fix) - f(y)) 2 , /j . 

JB(0,r)xB(0,r) l x i/| 

So, the inequality ( 13. II) holds, which implies the desired weak Poincare inequality accord- 
ing to [T5J Theorem 3.1] or (25J Theorem 4.3.1]. □ 

Since n v (M. d ) < oo, most likely we have J Rd e~ 2V ^dy < oo, so that V 2 (R) < Cii? d+a 
holds for some constant c\ > and all R > 1. In this case there exists a constant c > 
such that (3 in (13. 2p satisfies 

/3(r) < c + c inf : //y(£(0, i?) c ) < < oo, r > 0. 

In many cases this f3 is however not sharp, for instance, in the proofs of Corollaries 11.21 
- 11.41 we will use rather than ^2 in Theorem 11.1( 3) to derive sharp estimates on (3. 

Proof of Theorem With Proposition 12.31 and Lemma 13.11 in hand, the proof is now 
similar to that of [U Theorem 2.10]. First, according to Proposition I2.3[ we have 

Then, for any / G C °°(E d ), 

(3.3) Mf 2 lB(o,ry) < c^f v { f2Z ^f^) + C^ M/2lBM) - 

By Proposition 12.21 and the fact that 

W)~^y)) " Hy)) = f{x) + f iy) - tW) f {x) + W) f {y) 

<f 2 (x) + f(y)-2\f(x)f(y)\ 

< (f(x) - f(y)) 2 , 
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we obtain 

M/ 2Z ^) <*W/,/). 

Therefore, (13. 3p implies 

1 C 

(3.4) M/ 2 lB(o,r)<0 ^ Ci¥W" #a,V ^' ^ + C 1 $ 2 (r) /iy ^ 2lB( °' ro) ^ r ~ r °' 

We are now to prove (1) and (2) in Theorem II. II respectively. 

(1) According to [2TJ Theorem 4.5 and Theorem 3.2], the local super Poincare inequal- 
ity in Lemma I3TTI implies that the associated Markov semigroup on -8(0, r) has a uniformly 
bounded density, and hence the spectrum of the associated generator is discrete. More- 
over, it is easy to see that the Dirichlet form on -8(0, r) is irreducible so that is a simple 
eigenvalue of the generator, we conclude that the spectral gap exists. Equivalently, for 
any r > there exists a constant C(r) > such that the local Poincare inequality 

(3.5) M/ 2 l£(o,o) < C(r) / (/ . (y) " {^f dy/iy(dx) 

J B(0,r)xB(0,r) \V ~ x \ 

holds for all / G C^(R d ) with /iv(/l B(0 ,r)) = 0. This, together with (JH3D implies the 
defective Poincare inequality 

Mf 2 )<a<?«,v(fJ) + c 2M\f\) 2 

for some constants c\,C2 > 0; and due to [151 Theorem 3.1], ( 13. 5 p also implies the weak 
Poincare inequality of $ a y- According to [H)J Proposition 1.3], these two inequalities then 
imply the desired Poincare inequality. 

(2) Now, assume that $(r) | oo as r | oo. By Lemma I3.1| there exists a constant 
c > such that 

MAW < sS ay {fJ) + /3(r, S )M|/|) 2 , s,r > 0J G C?(R d ) 

holds for 

r TT( r \2+d/a 

Combining this with ( 13 ,4p and (I3.5P with r = r , we may find a constant Co > such that, 
for any r > tq, 

UvU 2 ) = HvU 2l B{0,r)) +A*v(/ 2 lfi(0,r)=) 

< (s + ^y ay (f, f) + ( Co + /3(r, s))M\f\) 2 , s>0Je C™(R d ). 

Letting So = Co/$(r ) and taking r = $ _1 (co/s), which is larger than r if s G (0, So), we 
obtain 



/iy(/ 2 ) < 2s«&, v (/, /) + {co + Pp-^co/s), s)}fi v (\f\) 2 , s G (0, s ), f G C, 
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oc / 



Replacing s by s/2, we 

Mf) < s<?«,v(fJ) + {co + (3(^\2c /s),s/2)}M\f\) 2 , s G (0,2s ),/ G C™(R d ). 
Noting that 

{/io$-i(2co/s)} 

this implies the super Poincare inequality with the desired /3 for some constants c\, c% > 
and all s G (0,2s ). Then the inequality holds also for s > 2s with a possibly large 
constant c\ by taking = /3(2s ) for s > 2s - 

(3) Let Vq{x) = ^rplog(l + \x\ 2 ). Then Theorem 11.1( 1) implies that the Poincare 
inequality 

(3.6) /^ (/ 2 )<cVo(rU/)), /eQKl,|iy„(/) = fl 

holds for some constant C > 0, where 

V F - 2/r 

For any i? > and any / G C^(M d ), it follows from (EH that 

TWtTT^ / /( z )M da; )) M da 

= inf / f /(x) - e" y(x) dx 

< / (m-»v (f)) e~ v ^dx 
Jb(q,r) \ J 

<C sup 1 - 1 ' /, / T(fJ)(x)e- Vo ^dx 

<c*i(fl) / r(/,/)(x)e- y ^dx. 

M/^W)) < c*i(i2)^,v(/,/) + 
Combining this with Lemma 13.21 we obtain 

M/W)) < {(cMR)) A * a (fl)Ry(/, /) + ^(b(0,'b)) - 

The required weak Poincare inequality then follows from [151 Theorem 3.1] or [251 Theorem 
4.3.1]. □ 



That is, 
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4 Proofs of Corollaries 

In all these Corollaries, the sufficiency for the Poincare/super Poincare/weak Poincare 
inequalities will be confirmed by Theorem 11.11 To verify the necessary, we will make use 
of the reference functions g n G C°°(M d ),n > 1, such that |Vg n | < 2/n and 





[=0, 


if 


\x\ 


< n, 


9n{x) | 


e[o,i], 


if 


\x\ 


G [n, 2n] , 






if 


\x\ 


> 2n. 



Then there exists a constant c > independent of n such that 

TV \( \ f \9n(y) -9n(x)\ 2 

T(g n ,g n ){x) := / — - — — — - — dy 



\x - y\ d+a 

(4-1) <±[ _ * dy + / _ 1 , d+a dy 

C 

< — , n > 1. 

Proof of Corollary \ 1.2 . Obviously, for any e > 0, the function 

V(x) :=^^\og(l + \x\ 2 ), xeR d 

satisfies condition (11.31) . 

(1) If e > a, we have $(0) > 0, so that the Poincare inequality follows from Theorem 
11.1( 1). To disprove the Poincare inequality for e G (0, a), let us take the reference function 
g n introduced above. Obviously, 

Vv{9n) 2 > — P , Hv{.9n) 2 < n > 1 

n £ n ze 

hold for some constants ci, c 2 > 0. Combining this with ( 14. ip we see that 

lim — 7~T2 7-^2 ^ hm — ~s = 

provided e G (0, a). Thus, for any constant C > 0, the Poincare inequality (jl.4p does not 
hold. 

(2) We first prove that if e < at, then for any (3 : (0, oo) — > (0, oo) the super Poincare 
inequality (11. 5p does not hold. Indeed, if this inequality holds, then 

Ci cr Codir) 

holds for some constants c, c±, c 2 > 0. Since 5 G (0, a], we obtain 

cr C2/3(r) 
Ci < hm h hm < cr, r > 0. 
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Letting r — > we conclude that c\ < 0, which is however impossible. 

Next, let e > a, we aim to confirm the super Poincare inequality with the desired 
function /3(r). It is easy to see that 

h{r) = 1, H{r) = (1 + r 2 ) (d+e)/2 , r > 

and $(r) > c^r e ~ a for r large so that 

$ _1 (c 2 r _1 ) < c 4 r~ 1/(£ ~ a) for r > small. 

Hence, the function /3 given in Theorem ll.il (2) satisfies 

/ d (d+e)(2c+d) \ 

/?(r)<c(l + r a a(V-oi) 1 r>0 



for some constant c > 0. The equivalence of the concrete super Poincare inequality and 



the correspondinf bound of \\Pt' ,V \\L 1 {iJ, v )^L 2 u v ) then follows from [21], Theorem 4.5(2)] 



(see also [251 Theorem 3.3.15(2)]). 

(3) It is easy to see that ^i(R) = 0(R a ~ e ) for large R. Then the desired weak 
Poincare inequality follows from Theorem II. 1( 3). According to [T5l Corollary 2.4(2)] (see 
also [251 Theorem 4.1.5(2)]), we have the claimed bound of ll-P"'^ — fiv Hl°°( Mv )->l2( Mv )- 
On the other hand, for g n presented in the beginning of this section, we have ||g n ||oo < 1? 
Vvidn) ~ ^v{9n) 2 > C\n~ £ for some constant c\ > 0, and due to (14. ip . S' a y(g n , g n ) < cn~ a . 
Then ( 11.6P implies that 

C ~ C\ 

— B(r) > r, r > 0. 

n a ~ n £ 

Taking r n = ^ which goes to zero as n — > oo, we obtain 

liminfri Q - £)/e ^(r n ) > 0. 

n— >oo 

Thus, (USD does not hold if lim r ^ r^~ £ ^ £ (3{r) = 0. □ 

Proof of Corollary \1.3[ Since when e > we have $(0) > 0, the Poincare inequality 
holds due to Theorem II. 1( 1). According to e.g. [2T| Corollary 1.3(1)], the super Poincare 
inequality with 8(r) = exp (c(l + r" 1 )) for some constant c > is equivalent to the 
log-Sobolev inequality ( II. 7p for some constant C > 0, we conclude that (1) and (2) imply 
(3). So, it suffices to prove (1), (2) and (4). 

(1) As in the proof of Corollary 11.2( 2). when e < the super Poincare inequality does 
not hold. Let e > 0. We have 

(1 + | X |2)(d+a)/2 log£ ( e+ | x |2)' C • 

Then it is easy to see that 

h(r) = 1, H(r) = (1 + r 2 ) (d+a)/2 log £ (e + r 2 ) 
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and 

$(r) > c log e (l + r 2 ), r > 
holds for some constant cq > 0. So, there exists a constant C3 > such that 

$ _1 (c 2 r _1 ) < exp[c 3 r~ 1/e ], r > 0, 

and hence, the function (3 given in Theorem 11.1( 2) satisfies 

0(r) < exp[c(l + r" 1/e )], r>0 

for some constant c > 0. When e > 1, the equivalence of the concrete super Poincare 
inequality and the corresponding bound of \\P^' V Hz 1 ^)-^ 2 ^) then follows from [2T1 
Theorem 4.5(1)] (see also [251 Theorem 3.3.15(1)]). 
(2) It is easy to see that 

Mffn) > a1 e/ _, V' MK|) 2 < 2^ , \> 

n a log (e + n) n 2a log (e + n) 

hold for some constants c 1; c 2 > 0. Combining this with (14. ip and (II. 5p . we obtain 

< cr H v ' r > 

log £ (e + n) ra Q log 2e (e + ra)' 

Taking r n — f - log _£ (e + n), we derive 

0(r n ) > |-n a log £ (e + n), n > 1. 

Therefore, 

liminf rl/ £ log (3(r n ) > a > 0. 

n—s-oo 

Thus, the proof of (2) is done. 

(4) Let e < 0. Then there exist constants C, c > such that 

< Clog~ E (e + R), n v (B(0,R) c ) <cR~ a log" (e + R), R>0. 

So, the desired weak Poincare inequality follows from Theorem 11.1( 3). and the corre- 
sponding convergence rate of ||P f Q! ' y — /iy \\l°°(u v )^l 2 (ij, v ) follows from [151 Corollary 2.4(1)]. 
Finally, the sharpness of (3 can be easily verified using reference functions g n ,n>l. □ 

Proof of Corollary \1.4\ There exist constants C, c > such that 

CR a ( \ -(e-i) 

*i(fl)< e( ±pV /iv(B(0,i?) c )<c(log(e + i?)) , J R>0. 
log (e + it) V / 

So, the desired weak Poincare inequality follows from Theorem II .1( 3) and the correspond- 
ing convergence rate of \\P"' V — fiv\\L°°(^ v )^>-L 2 (^ v ) follows from [15], Corollary 2.4(3)]. Sim- 
ilar to the part (4) in the proof of Corollary 11.31 the sharpness of f3 can be easily verified 
using reference functions g n ,n > 1. □ 
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Proof of Corollary 1 1.51 For the super Poincare inequality with desired 0, we need to prove 
for small r > 0, since we may always take f3 to be deceasing in the super Poincare 
inequality. 
(1) Since 

e v(x) =exp [log 1+£ (l + \x\% 
it is easy to see that h(r) = 1, H(r) = exp [log 1+e (l + r 2 )] and 



H(r ) 
[1 + r) 



$ ( r ) = m ; ^ > ex P 



^log 1+£ (i 



r > r 



holds for some constant r > 0. So, 

i/o^-^r- 1 ) = {Qo®- 1 ^- 1 )} ■ {l + ^- 1 (c 2 r- 1 )} d+a < cr _1 exp [clog 1/(1+e) r" 1 ] 
holds for some constant c > and small r > 0. Then ( 11. 51) with the desired /3 for small 

(/ iv )^i 00 (Mv) 



r > follows from Theorem II. 1( 2). and the corresponding bound of ||P t a ' ||li( Mv ,)->l 



then follows from e.g. [211 Theorem 4.4]. 

(2) Since e v( - x ^ = exp[(l + |x| 2 ) £ ], it is easy to see that h{r) = 1, H{r) = exp [(l + r 2 ) 6 ] 

and 

exp[(l + r 2 ) e ] 
$(r) = — — — , r > r 

holds for some constant ro > 0. Then there exists a constant c > such that for small 
enough r > 0, 



H o ^(^r- 1 ) = |$ o ^(car- 1 )} • jl + ^(c^r" 1 )} 

1 (^- 1 (c 2 r 



d+a 



c 2 r 



-l\d+a 



< cr~ l \og {d+a)l{2£ \l + r~ l ). 

Therefore, the super Poincare inequality with the desired /3(r) for small enough r > 
follows from Theorem 11.1( 2). and the corresponding bound of ||P t a ' \\iA(ji V )-+L°°(u, v ) then 
follows from [211 Theorem 4.4]. □ 



5 Super Poincare inequalities implied by (11.81) 

This section aims to establish the super Poincare inequality using condition (ll.8p . so that 
the assertion in [13] for the Poincare inequality is strengthened. As already indicated 
in Section 1 that the resulting super Poincare inequality is normally worse than that 
presented in Theorem 11.11 

For fixed V G C 2 (M. d ) such that \iy is a probability measure, let h, H be as in Theorem 
11.11 an d let 

W s (r)=m£ ( 5\ VV{x)\ 2 - AV(x) J , r > 0. 

\x\>r V I 
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Theorem 5.1. Let V > 0. If there exists a constant 5 G (0, 1) such that 

lim {5\VV\ 2 - AV} = oo, 

\x\— >oo 

Then there exist constants Ci,c 2 > such that the super Poincare inequality ( II. 5p holds 
for 

P(r) = c l (^ + r- d ' a H 2+d l 2 ( K Wi\c 2 r- 2 l a )y-^^ r > 0. 

In particular, ifV(x) = (1 + |x| 2 ) e for £ > \, then there exists a constant c > such that 
the super Poincare inequality holds for 



0(r) = exp (c(l + r -2-/(°(2 £ -i)))j 



r > 0. 



Proof. We only prove the first assertion, since the second one is a simple consequence. 
Let 

L V / = A/-(W,V/), feC 2 (R d ). 

Then 

ML 9) 



[ (V/,V</)d/i V = - / fLvgdfiv, f,geC™(R d ). 

JR d JR d 



Hence, the Friedrichs extension (Ly,^(L^)) of (Ly, C^°(]R d )) in L 2 (fi v ) is a negatively 
definite self-adjoint operator. Let (— Ly) a l 2 be the associated fractional operator. Let 
if = e {1 -^ v . We have 

L v ip 



[1-5) (5\VV\ 2 -AVy 



Then, by the assumption on V and [U Theorem 2.10], there exist constants c 3 ,c 4 > 
such that the super Poincare inequality 

M/ 2 ) < rMf, f) + MOMI/I) 2 , r > 0, / G C °°(R d ), /*(/) = 

holds for 



(3v(r):=c 3 \ 



^l + r -d/2#2 +d /2^-i( c ^^ r > o. 

According to [2H Corollary 2.1] or the proof of [191 Proposition 9], this implies 

(5.1) Mf)<r[ f(-L v r/ 2 fd^ v + -(3 v ((r/A) 2 / a )^ v (\f\) 2 , r>0 

jR d a \ J 

for all / G C^°(M d ) with /iy(/) = 0. A close inspection of the arguments in [131 Section 
3] (see [T71 Lemma 3.2 and Lemma 3.3] for details) yields that there is a constant C > 
such that for all / G C$°(R d ) with /i y (/) = 0, 

/ f{-L v r' 2 f^ v <C [ {f \ y) - f }*} ? dy » v (dx) = C<? ay (f, f). 

JR d JR d xR d W ~ x \ 
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Combining this with ( 15. ip . we obtain 

Mf) < r£ a ,v(fJ) + ^{{icTl^^ 2 ' r>0Je c ™(^ d )>Mf) = o. 

Then the desired assertion follows immediately. □ 

Similarly, combining the proof above with [T5| Theorem 3.1] and [2H Corollary 2.2] (or 
the proof of [191 Proposition 9]), we have the following result for weak Poincare inequalities 
for stable-like Dirichlet forms, which is normally less sharp than that given in Theorem 

Theorem 5.2. For any V G C 2 (M. d ) such that [iy is a probability measure, there exist 
constants c\, c-i > such that the weak Poincare inequality (11. 6p holds for 

P(r) = ci U(c 2 r a / 2 ) 2 exp (25 u{c2l , a/2) (V)) , r > 0, 

where 

U{r) =inf is > : ! e~ Y{x) dx < r/(l + r) 1 and 5 r (V) = sup V(x). 

I J\x\>s J \x\<r 
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